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Brownian motion

Diagrama feito por J. Perrin in his work Les Atoms. 



A simple approach to the one-dimensional 
Brownian motion
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𝐷 is just a proportionality constant here.



Experiment
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-Perrin.
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Prerequisites

Esta Foto de Autor Desconhecido está licenciado em CC BY-NC

Osmosis
High 
concentration

Low
concentration

Solvent

Osmotic pressure
Difference in pressure
caused by osmosis

https://courses.lumenlearning.com/suny-monroecc-orgbiochemistry/chapter/9-4-properties-of-solutions/
https://creativecommons.org/licenses/by-nc/3.0/


Osmotic pressure 
overview

Esta Foto de Autor Desconhecido está licenciado em CC BY-NC

Gibbs’ free energy

𝜇(2) − 𝜇(1) = ത𝑉𝑖 𝑝2 − 𝑝1 + 𝑅𝑇 ln
𝑋(2)

𝑋(1)  

Osmotic pressure
ത𝑉Π = −𝑅𝑇 ln(1 − 𝑋𝑠)  

ത𝑉Π = −𝑅𝑇 ln 1 − 𝑋𝑠 ≈ 𝑅𝑇𝑋𝑠  
𝑋𝑠 ≈

𝑛𝑠
𝑛𝑙

𝑛𝑙 ത𝑉 ≈ 𝑉∗

Π =
𝑛𝑠𝑅𝑇

𝑉∗

𝑉∗

𝑑𝜇𝑖 = ҧ𝑆𝑖 𝑑𝑇 + ത𝑉𝑖𝑑𝑝 + σ𝑘 𝜕𝑛𝑘𝜇𝑖𝑑𝑛𝑘  

https://courses.lumenlearning.com/suny-monroecc-orgbiochemistry/chapter/9-4-properties-of-solutions/
https://creativecommons.org/licenses/by-nc/3.0/


Einstein’s approach

Does the kinetic theory of heat lead 
to osmotic pressure?

𝑃 =
𝑛𝑠𝑅𝑇

𝑉∗

𝐹 = −𝑘𝐵𝑇 ln𝔅

𝔅 = න𝑒−𝛽𝜀𝑑3 Ԧ𝑟 𝑑3 Ԧ𝑝 = 𝑉∗ 𝑁
2𝜋𝑚

𝛽

3𝑁/2

𝐹 = −𝑛𝑠𝑅𝑇 ln𝑉∗ +
3

2
ln

2𝜋𝑚

𝛽

𝑃 = −
𝜕𝐹

𝜕𝑉∗Because,

Yes!*
*for spaced noninteracting particles

Esta Foto de Autor Desconhecido está licenciado em CC BY-NC

https://courses.lumenlearning.com/suny-monroecc-orgbiochemistry/chapter/9-4-properties-of-solutions/
https://creativecommons.org/licenses/by-nc/3.0/


Equilibrium

According to the kinetic theory the particles 
suspended in fluid should exert a pressure on a 
semipermeable membrane much like the osmotic 
pressure.

𝛿𝐹 = 0Classical thermodynamics
The system is in equilibrium should NOT depend the 
position of the particles or the membrane, so why 
there is a force?



Calculations
𝐹 = 𝐸 − 𝑇𝑆

𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆

𝛿𝐸 = 𝛿𝑊 = −න
0

𝐿 𝑁

𝑉∗
𝑓𝛿𝑥 𝑑𝑥

For a virtual displacement 𝛿𝑥 we a have a volume 
variation of 𝛿𝑉 = 𝐴𝛿𝑥, then

Introducing the a force field 𝑓 Ԧ𝑟 ො𝑥 in the 𝑥 direction
extending through the surface.



Calculations
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≡
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Nº particles per 
unit  volume



Calculations

𝜂𝑓 −
𝑅𝑇

𝑁𝐴

𝜕𝜂

𝜕𝑥
= 0

𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆

This Photo by Unknown 
Author is licensed under CC 
BY-SA

𝑓 = 6𝜋𝑘𝑟𝑣

𝜂𝑓

6𝜋𝑘𝑟𝑣
− 𝐷

𝜕𝜂

𝜕𝑥
= 0

Stokes’ law

𝐷 ≡
𝑅𝑇

𝑁𝐴

𝜂𝑓

6𝜋𝑘𝑟

https://en.wikipedia.org/wiki/Laminar_flow
https://creativecommons.org/licenses/by-sa/3.0/
https://creativecommons.org/licenses/by-sa/3.0/


Einstein results (pt.1)

𝑚𝑜𝑙𝑠

𝑎𝑟𝑒𝑎 [𝑡𝑖𝑚𝑒]

Element of area

Flux of 
particles

𝐷
𝜕𝜂

𝜕𝑥
=

𝜂𝑓

6𝜋𝑘𝑟𝑣

Diffusion!



Probability distribution
𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆𝐷

𝜕𝜂

𝜕𝑥
=

𝜂𝑓

6𝜋𝑘𝑟𝑣

Probability distribuition of the
displacements of the particles:

න
−∞

∞

𝜙(Δ) 𝑑Δ = 1

𝑑𝑁 = 𝑁𝜙 Δ 𝑑Δ

𝜙 Δ = 𝜙(−Δ)

Isotropy:

Number of particles with
displacement between Δ e Δ + 𝑑Δ:

Element of area

Flux of 
particles



Diffusion equation

𝜂 𝑥, 𝑡 + 𝜏 ≈ 𝜂(𝑥, 𝑡) + 𝜏
𝜕𝜂

𝜕𝑡

𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆𝐷
𝜕𝜂

𝜕𝑥
=

𝜂𝑓

6𝜋𝑘𝑟𝑣

𝜂 𝑥 + Δ, 𝑡 ≈ 𝜂 𝑥, 𝑡 + Δ
𝜕𝜂

𝜕𝑥
+
Δ2

2!

𝜕𝜂2
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+⋯
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𝜕𝑡
= 𝐷

𝜕𝜂2

𝜕𝑥2

Hypothesis:
• 𝜂 depends only on 𝑥 and 𝑡;
• The collisions are independent of 

each other;
• Two consecutive collision of the 

same particle are independent. Δ, 𝜏

Δ2

2!

𝜕𝜂2

𝜕𝑥2
= 𝜏

𝜕𝜂

𝜕𝑡



Diffusion equation
𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆𝐷

𝜕𝜂

𝜕𝑥
=

𝜂𝑓

6𝜋𝑘𝑟𝑣

𝜕𝜂

𝜕𝑡
= 𝐷

𝜕𝜂2

𝜕𝑥2
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exp −
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𝑥2 = 2𝐷𝑡
𝜆𝑥 = 2𝐷𝑡

Free quadratic mean path



Avogadro’s number
𝛿𝐹 = 𝛿𝐸 − 𝑇𝛿𝑆𝐷

𝜕𝜂

𝜕𝑥
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6𝜋𝑘𝑟𝑣

Δ, 𝜏

𝜆𝑥 = 2𝐷𝑡

𝐷 =
𝑅𝑇

𝑁𝐴

𝜂𝑓

6𝜋𝑘𝑟

𝑁𝐴 =
𝑅𝑇

3𝜋𝑘𝑟𝜆𝑥
2

Remembering:

So, Einstein also found
a way of measuring the
Avogadro’s number
knowing 𝜆𝑥. 



Conclusion

[…] What then is the result of these researches? How many 
molecules are there in two grams of hydrogen? The three methods 
have given the following answers to this question: 68.2 x 1022; 68.8 x 
1022; 65 x 1022.[…]

- Presentation Speech by Professor C.W. Oseen, member of the Nobel Committee for Physics of the Royal 
Swedish Academy of Sciences, on December 10, 1926



Muito obrigado 

e-mail: eduardov@usp.br


	Slide 1: On the Brownian motion according to Einstein
	Slide 2: From the ancient Greece to Robert Brown
	Slide 3: From Boltzmann to the Nobel Prize of 1926
	Slide 4: Brownian motion
	Slide 5: A simple approach to the one-dimensional Brownian motion
	Slide 6: Experiment
	Slide 7: Prerequisites
	Slide 8: Osmotic pressure overview
	Slide 9: Einstein’s approach
	Slide 10: Equilibrium
	Slide 11: Calculations
	Slide 12: Calculations
	Slide 13: Calculations
	Slide 14: Einstein results (pt.1)
	Slide 15: Probability distribution
	Slide 16: Diffusion equation
	Slide 17: Diffusion equation
	Slide 18: Avogadro’s number
	Slide 19
	Slide 20: Muito obrigado 

